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ABSTRACT
Pulsars around the Massive Black Hole (MBH) in the Galactic Center (GC) are expected to be revealed
by the incoming facilities (e.g., the Square Kilometre Array). Under a full relativistic framework with
the pulsar approximated as a test particle, we investigate the constraints on the spinning of the MBH
by monitoring the timing of surrounding pulsars. For GC pulsars orbiting closely around the MBH
(e.g., . 1000AU), we find that full relativistic treatment in modeling accurately their timing signals
can be necessary, as the relativistic signals are orders of magnitude larger than the time of arrival
measurement accuracies. Although usually there are near-degeneracies among MBH spin parameters,
the constraints on the spinning of the MBH are still very tight. By continuously monitoring a normal
pulsar in orbits with a period of ∼ 2.6yr and an eccentricity of 0.3 − 0.9 under timing precision of
1 − 5ms, within ∼ 8yr the spin magnitude and the orientations of the GC MBH can be constrained
with 2σ error of 10−3 − 10−2 and 10−1 − 10◦, respectively. Even for pulsars in orbits similar to the
detected star S2/S0-2 or S0-102, we find that the spinning of the MBH can still be constrained within
4 − 8yr, with the most significant constraints provided near the pericenter passage. If the proper
motion of the pulsars with astrometric accuracy of 10µas can also be collected along with the timing
measurement, then the position, velocity, mass and the distance to the Solar System of the MBH can
be constrained about ∼ 10µas, ∼ 1µas/yr, ∼ 10M⊙ and ∼ 1pc, respectively.
Keywords: black hole physics – Galaxy: center – Galaxy: nucleus – gravitation – relativistic processes
– pulsars: general
1. INTRODUCTION
Due to their tremendous rotation stability, pulsars
are believed to be one of the best probes in testing
gravity theories in various astrophysical environments
(for reviews, see e.g., Stairs 2003; Will 2014; Lorimer
2008). Binary pulsars have provided clean tests of var-
ious general relativistic (GR) effects, including the de-
cay of the orbital period by gravitational wave radi-
ation (Taylor 1994; Kramer et al. 2006). Such sys-
tems present cases of comparatively weak gravitational
fields, i.e., with GM/rc2 of 10−5–10−7, where M is the
mass of the system and r is the distance between the
two components. On the other hand, the so-called “S-
stars” near the Galactic Center (GC) (Ghez et al. 2008;
Gillessen et al. 2009, 2017) delve into ∼ GM/rc2 ≃ 10−3
(see, for example, Figure 1 of Ange´lil et al. 2010). In
this region, M ≃ 4 × 106M⊙ is a massive black hole
(MBH). If pulsars orbiting quite close to the MBH could
be found, the precise tracing of time of arrival (TOA) of
their pulses can be used for probing the Kerr spacetime
near a black hole.
The existence of pulsars close to the GC MBH are in-
ferred by the discovery of hundreds of young and massive
stars within the inner parsec of GC (e.g., Paumard et al.
2006; Lu et al. 2013). Some of those massive stars (e.g.,
& 9M⊙) can leave neutron star remnants at the end
of their lifetime through supernova explosions. The
number of these pulsars is expected to be about 100
within the orbital period of 100 yr (e.g. Zhang et al. 2014;
Pfahl & Loeb 2004; Chennamangalam & Lorimer 2014).
The innermost one of them could be in an orbit as tight
as about ∼ 100–500 AU from the MBH (Zhang et al.
2014). The existence of a population of normal pulsars
in the GC has also been strongly suggested by the mag-
netar recently revealed in this region, as magnetars are
rare pulsars (e.g., Rea et al. 2013; Eatough et al. 2013).
The severe broadening of the pulse profile due to the
hyper-strong radio-wave scattering by the interstellar
media in GC imposes difficulties in revealing the exis-
tence of these objects. The search of pulsars in GC
has to be performed in high radio frequencies (e.g.,
usually & 9GHz) (Cordes & Lazio 1997; Pfahl & Loeb
2004). Although a number of GC pulsar searches have
been performed, no normal pulsars have been detected
within the inner parsec so far (e.g., Deneva et al. 2009;
Macquart et al. 2010; Bates et al. 2011). Future facili-
ties, e.g., Square Kilometre Array (SKA), may be able
to reveal a number of normal pulsars in this region, due
to its very large collection area, offering prospects of test-
ing general relativity by their timing observations (e.g.,
Shao et al. 2015; Eatough et al. 2015).
Pulsar binaries with the GC-MBH would have some
important difference from known pulsar binaries.
• First, the orbital periods around the GC-MBH
would be years or decades, compared to hours to
weeks for stellar binaries with white dwarfs or neu-
tron stars. The same applies to S stars. As a result,
orbital precession or indeed any orbit-averaged
quantity is not the most useful variable. The earlier
literature on orbits around the GC-MBH (whether
S stars or pulsars) tended to focus on precession
(e.g., Jaroszynski 1998; Rubilar & Eckart 2001;
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Pfahl & Loeb 2004; Will 2008; Merritt et al. 2011;
Liu et al. 2012; Psaltis et al. 2016). More recent
literature has emphasized relativistic effects that
appear within a few orbits, especially near pericen-
ter passages (Ange´lil & Saha 2010; Ange´lil et al.
2010; Zhang et al. 2015; Yu et al. 2016).
• Second, in stellar-mass binaries it is essential
to consider the gravity of both bodies, which
is typically done through a post-Newtonian
treatment (Blandford & Teukolsky 1976;
Damour & Deruelle 1986; Hobbs et al. 2006).
For a pulsar-MBH binary, the mass ratio is much
smaller (∼ 10−7 − 10−6) and the pulsar can be
approximated by a test particle moving in a Kerr
metric (see Section 4.4 for the consequences of
such an approximation).
• There are, however, Newtonian dynamical per-
turbations from all the other masses in the GC
region (Merritt et al. 2011; Zhang & Iorio 2017).
How to remove out this Newtonian “foreground”
remains an unsolved problem. A possible fil-
tering strategy using wavelets is suggested by
Ange´lil & Saha (2014).
This work studies a pulsar in a Kerr metric. The full
relativistic framework developed previously (Zhang et al.
2015, hereafter ZLY15) to simulate orbits and redshifts is
modified to compute pulsar TOAs instead. Note that al-
though we describe the method as “full relativistic treat-
ment” of the pulsar’s motion, we have neglected the mass
of the pulsar (For the difference if the pulsar’s mass is not
ignored see also Section 4.4.) and the orbital decay due to
the gravitational wave radiation. By performing a large
number of Markov Chain Monte Carlo (MCMC) simula-
tions, we investigate the constraints on the spinning of
the MBH for pulsars in various orbits and under different
timing accuracies. Meanwhile, the proper motion of the
pulsars measured by radio astrometry could also be quite
significant as they are very close to the MBH. Here we
investigate the possible benefits of including the proper
motion measurements of the pulsars, e.g., the additional
constraints on the mass, distance and proper motion of
the MBH.
This paper is organized as follows: In Section 2 we in-
troduce the details of the numerical integration of the
motion of pulsar and the pulse trajectory from the pul-
sar to the observer under the Kerr metric. By such a
full relativistic method, we derive the observables, i.e.,
the TOA and the proper motion of the target pulsar.
We have extended the previous relativistic framework in
ZLY15 by including the motion of the MBH itself in the
simulation. We investigate the spin-induced GR effects
in pulsar timing and proper motion for some hypotheti-
cal pulsars in Section 3. This section also compares with
orbit-averaged post-Newtonian theory for pulsar bina-
ries, and shows that such approximations could deviate
from the real evolution of the orbital precession in the
full GR case, with the differences that could be apparent
by timing measurements of pulsars in GC (see also Sec-
tion 3.4.1, or Figure 4). In Section 4 we perform a large
number of Markov chain Monte Carlo simulations to in-
vestigate the constraints on the parameters of the MBH,
including the spin, mass, proper motion and the GC dis-
tance. The discussion and the conclusions are shown in
Sections 5 and 6, respectively.
2. NUMERICAL METHODS
In this work, we adopt the full GR framework in
ZLY15, which can simulate both the motion of the par-
ticle around the massive black hole and the propagation
of the photons emitted from the particle ( star or pul-
sar) to the observer in pure Kerr metric. The framework
is briefly described below, for the details we refer the
reader to ZLY15. We expand the framework to include
the TOAs of pulsar in the simulation, as well as the mo-
tion of the whole system with respect to the solar system.
Details of these are given in Section 2.2 and Section 2.3,
respectively.
Alternative approaches would be a perturbative treat-
ment similar to a post-Newtonian expansion (cf., Wex
1995) or a mixed perturbative and numerical approach
(Ange´lil et al. 2010). The present method, though com-
plex in implementation, is conceptually simpler than
these approaches.
2.1. The full Kerr metric framework
We assume a Kerr spacetime around the GC, with a
central mass ofM• = 4×10
6M⊙ corresponding to a grav-
itational radius of rg ≃ 0.04 AU ≃ 5µas≃ 2× 10
−4mpc.
The GC distance we take to be RGC = 8 kpc.
Orbits of pulsars are integrated in Boyer-Lindquist co-
ordinates under a full Kerr metric. The equations of
motion are given in Equations 19–22 in ZLY15. The or-
bital elements of the pulsar, being the semimajor axis
a⋆, eccentricity e⋆, inclination I⋆, the position angle of
the ascending node Ω⋆, angle of periapsis ω⋆, and the
true anomaly f⋆ (or equivalently the time of the pericen-
ter passage t0⋆), are all defined with respect to the sky
plane. The spin direction of the MBH is defined by two
angles: i and ǫ. Here i is the inclination to the line of
sight, while ǫ is the position angle with respect to a refer-
ence direction on the sky. All these angles are illustrated
in Figure 1.
We adopt the backward light-tracing technique de-
scribed in ZLY15 to calculate the observed position r⋆
of the target pulsar in the sky plane (with respect to
the position of the MBH). Here r⋆ = (R.A., decl.), where
R.A. is the right ascension and decl. is the declination. In
the simulations, R.A. = −αrg/RGC, decl. = βrg/RGC,
where α and β are dimensionless impact parameters of
the pulse from the pulsar projected into the sky plane.
These two values are given by
λ = −α sin i,
q2 = β2 + (α2 − a2) cos2 i.
(1)
Here λ = Lz/Em and q
2 = Q/E2m are two constants
of motion for the pulse trajectory, Lz is the azimuthal
angular momentum, Q is the Carter constant and Em is
the energy of the photon at infinity.
Similar to the case of stars, we can also obtain the
corresponding relativistic redshift Z⋆ of the pulse as
1 + Z⋆ =
pµU
µ
pobsν U
ν
obs
(2)
where pµ is the four momentum of the pulse photon and
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Figure 1. Illustration of the angles used in this work. Left panel: Angles of pulsar’s orbit defined in the sky plane (see also Eisenhauer et al.
2005). Here I⋆, Ω⋆, ω⋆ and f⋆ are the orbital inclination, position angle of the ascending node, angle of the periapasis, and true anomaly,
respectively. The orbital elements of the pulsar are defined with respect to the position of the MBH, and here the MBH is located at
R.A. = 0 and decl. = 0. Right panel: Angles defined for the spin orientation: i is the spin inclination with respect to the line of sight, while
ǫ is the position angle of spin axis with reference to the direction of decl. To make the angles easier to see, the two panels use different
orientations — note the direction to the observer in each case.
Uµ is the four velocity of the pulsar. The redshift is
not directly measurable for pulsars, since the intrinsic
frequency is not known, but can be measured as it es-
sentially is the derivative of the TOA (see details in Sec-
tion 3.4.3).
As we adopt the full Kerr metric, all the various GR
effects on the orbital motion of the target pulsar around
the Kerr MBH and on the propagation of the photons
from the pulsar to the observer, are simultaneously in-
cluded in the mock observables of the target pulsar, e.g.,
the TOA and the apparent motion in the sky plane.
2.2. The motion of Sgr A*
The position and the proper motion of the GC MBH
in the sky plane is usually indicated by its radio coun-
terpart, i.e., Sgr A*. The previous framework of ZLY15
assumes that the GC MBH remains fixed in the sky. Here
we include the proper motion of the MBH in calculating
the apparent motion of the pulsars. The apparent proper
motion of a pulsar in the sky plane is the sum of the mo-
tion of the MBH and also its relative motion with respect
to the MBH. By including the motion of the MBH in the
modeling, the apparent motion of the pulsar can then
be used directly in constraining the MBH parameters.
The removal of the motion of Sgr A* itself by some inde-
pendent measurements is no longer needed. The relative
acceleration between Sgr A* and the Sun is neglected.
By the method described in Section 2.1, we can obtain
the evolution of the relative sky position r⋆ between the
pulsar and the MBH. Suppose that Sgr A* has a constant
velocity in the sky plane V• = (Vx, Vy). The apparent
sky position of the Sgr A*, R•, is then given by
R⋆ = r⋆ +R•,0 +V•t⋆. (3)
Here R•,0 = (X0, Y0) is the initial position of the Sgr A*
at the beginning of the observation, t⋆ is the coordinate
time of the pulsar. Note that the line of sight velocity
(Vz) of the MBH respective to the Sun or the Local Stan-
dard of Rest (LSR) can not be constrained in our model
as it is absorbed in the apparent pulse frequency. Here
we simply assume that Vz = 0.
The proper motion of Sgr A* has been measured by
a number of observations (e.g., Reid & Brunthaler 2004;
Ghez et al. 2008). The former give values of 18±7 km s−1
in the galactic longitude and −0.4 ± 0.9 km s−1 in the
galactic latitude (assuming R0 = 8kpc). If the motions
of the solar system and the LSR are included, the ap-
parent motion of the Sgr A* is −241 ± 15 km s−1 and
−7.6 ± 0.7 km s−1 in the galactic longitude and lati-
tude, respectively. In our MCMC model-fitting proce-
dure, in principle the position and the velocities of Sgr A*
can be arbitrarily selected. However, to mimic the pic-
ture expected in future observations, we adopt the values
Vx = −3.151mas yr
−1, Vy = −5.547mas yr
−1, both with
respect to the Sun. At the beginning of each simulation
we set X0 = 0mas and Y0 = 0mas, but this makes no
difference to the results. For simplicity, we ignore the
apparent evolution of the geometric orientation of the
orbital plane due to the proper motion of the barycenter
of the pulsar-MBH binary (See Kopeikin 1996).
2.3. The timing of pulsars
In the local frame of the pulsar, the proper time of the
pulsar is given by τ = ξs, where s is the affine parameter
(e.g., Equations 19-22 of ZLY15) and ξ = m/Em, m and
Em being the rest mass and the energy of the pulsar
respectively. In the local frame of pulsar, suppose that
the pulse frequency is ν0 at proper time τ0 and the first
derivative of the pulse with respect to proper time is
given by ν˙0, then in the first order approximation, the
phase of the emission φ for a given proper time τ is
φ(τ) = ν0(τ − τ0) +
ν˙0
2
(τ − τ0)
2. (4)
If we write ν = ν0 + ν˙0(τ − τ0)/2 then we can also ex-
press the above equation as φ(τ) = ν(τ − τ0). The zero
of proper time τ0 does not affect the results, so for sim-
plicity we set τ0 = 0. Note that when φ is exactly an
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integer, the corresponding value of τ is the proper time
of emission in the local frame of pulsar. Unless otherwise
specified, we assume that ν0 = 2 Hz (spinning frequency
0.5 s) and ν˙0 = −10
−15 s−2 (∼ 31.6 nHz per year), which
are typical values for a normal pulsar. The detection
of millisecond pulsars is unlikely (e.g., Cordes & Lazio
1997; Macquart et al. 2010).
When a pulse is emitted at the proper time τ , whenever
φ in Equation (4) is an integer, we can obtain the corre-
sponding coordinate time t⋆ of the pulsar from the equa-
tions of motion (Equations 19–22 in ZLY15). According
to the light-tracing method described in ZLY15, we can
trace the photon from a distant observer (located at dis-
tance r0 = 10
8rg) to the position of the pulsar, and the
time of propagation tprop can be obtained. For simplicity
we shift the time of propagation, i.e., tprop → tprop−r0/c,
such that tprop is approximately the additional time of
propagation used for the pulse crossing the pulsar-MBH
binary respect to the position of the MBH. The observed
TOA tarr of the pulse is then given by
tarr = t⋆ + tprop. (5)
We do not include the additional time corrections due to
the scatterings of the interstellar medium and the trans-
lations from the barycenter of Solar system to the local
time of observational stations on earth. For more details
of these corrections see Edwards et al. (2006).
3. THE RELATIVISTIC MOTION OF HYPOTHETICAL
PULSARS IN THE GALACTIC CENTER
With the numerical methods described in Section 2,
here we investigate the GR signals, especially the spin-
induced effects in the observables of hypothetical pulsars
around the GC MBH. Let δaY be the spin-induced dif-
ference on Y , here Y is any quantity of interest, e.g., tarr,
R⋆, and etc. We can estimate δaY by performing simu-
lations with and without the spinning of the MBH and
then estimate the difference in Y . More explicitly, δaY
is defined by
δaY = Y (a,ϑ)− Y (0,ϑ) ≃
∂Y
∂a
a (6)
Here ϑ stands for the initial values of all the parameters
in the simulation except the MBH spin a. For a given
observational duration Ttot, we define the spin-induced
effects per orbit as δaY , which is given by
δaY =
P
Ttot
[∫ Ttot
0
1
Ttot
|δaY |
2
dtarr
]1/2
, (7)
Here P is the orbital period. We estimate δaY by per-
forming simulations with duration of Ttot = 3P . As
roughly δaY ∝ tarr/P , the values defined above are ap-
proximately independent on the observational duration.
If not otherwise specified, we always adopt i = 45◦ and
ǫ = 180◦ for the MBH spin orientation.
In the following section, we discuss plausible orbits of
the pulsars in GC and assume the existence of some hy-
pothetical pulsars within . 1000 AU. The mock appar-
ent position, TOA and the corresponding spin-induced
effects for these example pulsars are described in Sec-
tions 3.2, 3.3 and 3.4, respectively.
Table 1
Orbital parameters for example pulsars
Name
a⋆ e⋆ I⋆ Ω⋆ ω⋆ f⋆
AU a rg b
S2-like 984 24949 0.88 135◦ 225◦ 63◦ 180◦
S0-102-like 848 21500 0.68 151◦ 175◦ 185◦ 180◦
Ea 300 7606 0.88 135◦ 225◦ 63◦ 180◦
Eb 300 7606 0.88 151◦ 175◦ 185◦ 180◦
Note. — a in unit of AU.
b in unit of the gravitational radius rg = GM•/c2 and the MBH
mass M• is assumed to be 4× 106M⊙.
3.1. The orbits of hypothetical pulsars
To explore the spinning the GC MBH the orbiting pul-
sar should be close enough, e.g., at comparable distance
to or closer than the currently detected star S2/S0-2 or
S0-102 (a⋆ . 10
3 AU). These pulsars and their progeni-
tors are unlikely to have formed in situ, as the tidal forces
of the MBH is quite strong. Nor is it likely that they mi-
grated to these distance through secular dynamical pro-
cess (e.g., by two body relaxation processes) as the cor-
responding timescale is much longer than the lifetime of
the pulsar and the progenitor stars. A plausible model is
that their progenitors are captured by the MBH through
tidal break up of binary stars (Zhang et al. 2014). By in-
cluding the supernova kick, secular dynamic relaxations
and gravitational wave decay, Zhang et al. (2014) esti-
mated that a number of ∼ 10− 15 pulsars are expected
to be hidden within distance of 1000 AU from the black
hole.
Zhang et al. (2014) show that the orbits of the hypo-
thetical innermost pulsars are expected to have a⋆ =
100− 500 AU and have distribution of eccentricity simi-
lar to those of the currently detected S-stars. Currently,
the two closest S-stars from the GC MBH are the S2/S0-
2 (Gillessen et al. 2009; Ghez et al. 2008; Gillessen et al.
2017) and the S0-102 (Meyer et al. 2012). It is possible
in some scenarios that the innermost pulsars have dis-
tances similar to these stars (Zhang et al. 2014), thus, it
would be also quite interesting to see the spin-induced ef-
fects in timing of these pulsars, which are relatively away
from the MBH and in periods of 11 ∼ 15yr.
Based on these results, we select four example pulsars,
of which the orbital parameters are shown in Table 1.
We notice that the GR and spin-induced effects depend
on the orbital orientations, and thus two different orbital
orientations of the example pulsars are assumed. We as-
sume S2-like and S0-102-like pulsar, with the orbits simi-
lar to the currently detected S2/S0-2 and S0-102, respec-
tively. Two miniature versions of these two pulsars, the
pulsar “Ea” and “Eb” are with orbits similar to S2/S0-2
and S0-102, respectively, but both with a⋆ = 300 AU
(period of ∼ 2.6yr) and e⋆ = 0.88. Note that the or-
bital semimajor axis or the eccentricity of these example
pulsars could vary according to the problems discussed
in this work. Pulsars with orbits of a⋆ < 100 AU and
e⋆ > 0.98 may decay their orbits by gravitational wave
within 10Myrs (according to Peters (1964)). We avoid
these pulsars as we have not included the effects of grav-
itational wave decay in the simulation.
3.2. The apparent motion and orbital precession of
pulsar
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Figure 2. Panel (a): Apparent motion of the example pulsar
Ea in the the sky plane over three orbits (∼ 8yr). The magenta
dashed and green dotted lines are the direction of the instantaneous
eccentricity vector of the pulsar at the beginning and the end of
the simulation, respectively. The cyan line shows the trajectory
of the MBH in the GC. Panels (b–d) The spin-induced orbital
precession (in arcmin) in the angle of periapsis ω⋆, the position
angle of ascending node Ω⋆ and the inclination I⋆. The dashed
magenta line show the theoretical expectations from Equation (12).
The red solid and white empty circle in all panels show the position
of the pericenter and apocenter passage points.
The top left panel of Figure 2 show the apparent mo-
tion in the sky plane of the example pulsar Ea in three
orbits. The proper motion of the Sgr A* is quite signifi-
cant. As the pulsar is moving along with the Sgr A*, its
apparent trajectory in the sky plane shows a spiral-like
pattern. For the pulsar Ea, the transient velocity can be
up to ∼ 100mas/yr near the pericenter and ∼ 10mas/yr
near the apocenter, this suggests that the proper motion
of a pulsar can be easily measured by future long-baseline
radio telescopes.
Both the TOA and the apparent positions of pulsars
contain relativity-induced effects. The Schwarzschild ef-
fects introduce precession only of the pericenter. Over
one orbit, the precession is given by (Wex & Kopeikin
1999)
δSω = 6πGM•c
−2a−1⋆ (1− e
2
⋆)
−1 (8)
The precession of orbits in a Kerr metric is well known.
If ω•,Ω•, I• are orbital elements with respect to the equa-
torial plane of a spinning black hole, then over one orbit,
the first two angles precess by (e.g., Lense & Thirring
1918; Wex & Kopeikin 1999)
δaΩ• = 4πa(GM•)
3/2c−3a
−3/2
⋆ (1 − e
2
⋆)
−3/2
δaω• = −3δaΩ• cos I•
(9)
to leading order. In observers’ coordinates these preces-
sions transform (cf. Zhang et al. 2015; Yu et al. 2016)
δaI⋆ = sin i cos(ǫ − Ω⋆) δaΩ• ,
δaω⋆ =
sin i sin(ǫ− Ω⋆)
sin I⋆
δaΩ• + δaω• ,
δaΩ⋆ =
[
cos i−
cos I⋆ sin i sin(ǫ − Ω⋆)
sin I⋆
]
δaΩ• .
(10)
For this, the direction cosine
cos I• = cos I⋆ cos i+ sin I⋆ sin i sin(ǫ− Ω⋆) (11)
must be substituted into Equations (9). Combining the
Schwarszchild and the spin effects, the orbital precession
can be expressed as
ω⋆ = ω⋆0 + δaω⋆
t⋆
P
+ δSω
t⋆
P
,
Ω⋆ = Ω⋆0 + δaΩ⋆
t⋆
P
,
I⋆ = I⋆0 + δaI⋆
t⋆
P
.
(12)
Here t⋆ ≃ τ ≃ tarr.
In fact, analytical expectation of Equation (12) fails
to trace the part of the orbital-element variations that is
caused by the spin-induced effects. Panels (b–d) of Fig-
ure 2 show simulation results of spin-induced orbital pre-
cession in Ω⋆, ω⋆ and I⋆. The expectations from Equa-
tion (12) are shown in the dashed magenta lines in each
panel. Due to the relatively large orbital eccentricity, the
orbital precession of pulsar Ea in simulations mainly oc-
cur near the pericenter, with nearly Keplerian behavior
near the apocenter. In consequence, as we will show in
more detail later in Section 3.4, the spin-induced TOA
difference predicted by Equation (19) below could not
trace accurately those obtained by our relativistic sim-
ulations. The deviations (∼ 10 s) are quite apparent,
considering the timing accuracies (. 1−10ms) expected
for future facilities, e.g., the SKA.
3.3. The timing of the pulsars
According to Equation (5), for a proper time τ that
corresponds to the emission of a pulse, its TOA can be
alternatively expressed as
tarr = τ +∆⋆ +∆prop (13)
Here ∆⋆ = t⋆ − τ and ∆prop = tprop. ∆⋆ translates the
proper time to the coordinate time of pulsar. ∆prop =
tprop translates the time of emission of the pulse in the
local coordinate to the observer’s frame.
∆⋆ is also commonly dubbed the “Einstein de-
lay”. In the weak field approximation, dt/dτ ≃ 1 +
2GM•/(rc
2) − GM•/(2a⋆c
2). By the method similar
to Blandford & Teukolsky (1976), the Einstein delay can
be expressed as 1
∆⋆ = t⋆ − τ ≃ γ˜(sinE
′ − sinE′0) +
3GM•
2a⋆c2
t⋆ (14)
1 Note that the expression is slightly different
from Blandford & Teukolsky (1976) and Damour & Deruelle
(1986) as we do not omit constants in the derivation. In the
literature, these constants are commonly absorbed in the spin
frequency of pulsars.
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Figure 3. Top panels: The Einstein delay (in hours) which connects the proper time to the coordinate time of the pulsar; Bottom panels:
The propagation time delay (in days) from a pulsar to the observer. The red solid and white empty circle show the position of the pericenter
and apocenter passage points. The magenta dashed lines in the top panel shows the expectation from Equation (14), while the bottom
panel from the sum of the Equation (16) and Equation (18).
Here γ˜ = GM•Pe⋆πa⋆c2 , P = 2πa
3/2
⋆ (GM•)
−1/2 is the orbital
period of the pulsar, E′ is the eccentric anomaly which
corresponds to a coordinate time t⋆, i.e.,
E′ − e⋆ sinE
′ =
2π
P
(t⋆ − t0⋆) (15)
and E′0 is the initial value of E
′. From Equation (14)
we can see that ∆⋆ is contributed by an oscillation term
with the magnitude given by γ˜ and a linear term which
is mainly due to the relativistic time dilation.
The top panels of Figure 3 show the evolution of ∆⋆
obtained by the simulations (blue solid lines) and Equa-
tion (14) (dashed magenta lines) for all example pulsars.
We can see that the simulation results are well consistent
with the analytical formula. ∆⋆ appears to be the same
for Ea and Eb as they have the same a⋆ and e⋆. In three
orbits, the delay mounts up to ∼ 13.5 hour, and oscil-
lates in magnitude of γ˜ ≃ 0.84 hour. For the S2-like (or
S0-102-like) pulsar, the delay mounts up to ∼ 24 hour
(∼ 22 hour) in 45 years (∼ 37 years), and oscillates in
magnitude of γ˜ ≃ 1.4 hour (γ˜ ≃ 1 hour).
In weak fields, the last term in Equation (13), ∆prop,
is approximately the sum of the “Roemer delay” ∆R and
the “Shapiro delay” ∆S, i.e., ∆prop ≃ ∆R + ∆S. The
Roemer delay is the time used for a pulse propagat-
ing in a flat spacetime to the observer, which is given
by (Damour & Deruelle 1986)
∆R = α˜(cosE
′ − e⋆) + β˜ sinE
′ (16)
Here
α˜ = a⋆c
−1 sin I⋆ sinω⋆,
β˜ = (1− e2⋆)
1/2a⋆c
−1 sin I⋆ cosω⋆,
(17)
The Shapiro delay is the additional time delay due to
the curved spacetime, which is given by (Shapiro 1964;
Blandford & Teukolsky 1976)
∆S =
2M•G
c3
ln
[
1 + e⋆ cos f⋆
1− sin I⋆ sin(ω⋆ + f⋆)
]
(18)
For the GC MBH, we have 2M•G/c
3 ∼ 39.3 s, which
is also significant. Noticing that the orbit elements are
precessing, thus in evaluating Equation (16) and (18)
the orbital elements ω⋆ and I⋆ are replaced according to
Equation (12).
The bottom panels of Figure 3 show the evolution of
∆prop of all the example pulsars. ∆prop oscillates as the
pulsar rotates the MBH periodically, and is always dom-
inated by the Roemer delay. For example pulsar Ea and
Eb, the magnitude of the oscillation is ∼ 2.3 day and
∼ 0.8 day, respectively. For the S2-like pulsar and S0-
102-like pulsar, the oscillation is ∼ 7.4 day and 3.4 day,
respectively. The magenta lines in the left panels of Fig-
ure 3 show the model prediction from the sum of equa-
tion 16 and 18. We can see that the simulations agree
with the analytical formula well 2.
As a summary, the low order GR effects, e.g., the Ein-
stein delay ∆⋆ and Shapiro delay ∆S, are both quite sig-
nificant for all these example pulsars. Thus, it is expected
that the low relativistic effects can be well tested if any
pulsars within . 1000 AU from the MBH can be found.
According to the measured Einstein and Shapiro delay,
the MBH mass can also be well constrained. However,
2 We find ∼ 1% difference between ∆prop (Similarly for the ∆⋆)
obtained by our numerical method and that obtained by the an-
alytical method. The deviation is mainly due to the difference of
the metric adopted by these two methods ( the so-called “gauge
effect”). As a consequence, the positions, velocities and the timing
of a pulsar with the same initial conditions are slightly different.
Note that the gauge effects are automatically removed by compar-
ing the spin-induced effects derived from the numerical and the
analytical methods, thus they do not affect the results shown in
top right panels of Figure 4 and Figure 5.
7Table 2
The spin-induced effects of the example pulsars per orbit
Name δa∆⋆ δa∆prop δatarr δaR⋆
S2-like 0.067 s 12 s 12 s 4.6µas
S0-102-like 0.024 s 2.8 s 2.8 s 0.79µas
Ea 0.22 s 22 s 22 s 8.6µas
Eb 0.15 s 21 s 21 s 4.8µas
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Figure 4. Spin-induced relativistic effects on the TOA δ⋆tarr (top
left panel), the propagation time delay δa∆prop (bottom left panel)
and the Einstein delay δa∆⋆ (bottom right panel) of the example
pulsar Ea. The blue solid line in top left panel shows the results
of the numerical simulation while the dashed magenta lines show
the theoretical expectations from Equation (19). Their differences
as function of time are shown in top right panel. In all panels, the
red solid and white empty circle show the position of the pericenter
and apocenter passage points.
there is a near-degeneracy between the Einstein delay
and the Roemer delay (See Equation (19)), the Einstein
delay could be separated only if significant changes of the
orbit orientations are present.
3.4. The spin-induced effects
In this section, we discuss specifically the spin-induced
signals on the observables of the pulsars, i.e., the TOA
and the apparent motion in the sky plane. By numeri-
cal simulations and analytical arguments, we discuss the
spin-induced effects for the example pulsars which is ex-
tracted according to Equations (6) and (7). The details
are shown in Section 3.4.1. We also explore the spin-
induced effects for pulsars in different orbital semima-
jor axes and eccentricities in Section 3.4.2. We notice
that the spin-induced timing effects have some similari-
ties with the corresponding redshift signals for stars. The
details are shown in Section 3.4.3.
3.4.1. Example pulsars
The TOA tarr can be estimated by assuming weak
fields and that the pulse propagates in a straight line
connecting the observer and the pulsar. The explicit
relation between tarr and τ in weak fields is given
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Figure 5. Similar to Figure 4, but for the example pulsar Eb.
by (Blandford & Teukolsky 1976; Taylor & Weisberg
1989)
tarr − τ ≃
[
α˜(cosE − e⋆) + (β˜ + γ˜) sinE
]
×
[
1 +
2π[α˜ sinE − β˜ cosE]
P (1− e⋆ cosE)
]
(19)
Here E is the eccentric anomaly, corresponding to a given
TOA tarr through
E − e⋆ sinE =
2π
P
(tarr − t0⋆) (20)
Substituting the angles in Equation (12) to Equa-
tion (19), we could get the TOA when Schwarszchild
and Lense-Thirling precession are included. Note that
if Equation (19) is replaced with Equation 23 from
Damour & Deruelle (1986), the spin-induced effects
are quite similar, as the low order effects, e.g., the
Schwarszchild-induced effects, are subtracted according
to Equation (6).
According to Equation (13) we have δtarr ≃ δa∆prop+
δa∆⋆. Figure 4 shows the spin-induced difference in TOA
δatarr, and the parts of propagation δa∆prop and of Ein-
stein delay δa∆⋆ for the example pulsar Ea. Similar
results for Eb are shown in Figure 5. In three orbits,
the minimum and maximum TOA delay by spinning is
−141.5 s (−10.9 s) and 15.99 s (143.9 s) for Ea (for Eb),
respectively. For S2-like (S0-102-like) pulsar, they are
−79.3 s and 8.47 s (−5.21 s and 20.4 s), respectively. Such
effects are maximal around the apocenter and minimum
around the pericenter, with the rapid changes mainly
caused by pericenter passages. The orbital-averaged val-
ues of them are shown in Table 2. We can see that
δa∆⋆ ≪ δa∆prop, thus the spin-induced difference in the
TOA is mainly contributed by the propagation part. No-
tice that δa∆prop is approximately the sum of δa∆R and
δa∆S, which is the effect that the line of sight emitting
position is changed by MBH spinning, and that the prop-
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Figure 6. Spin-induced difference per orbit on the Einstein delay δa∆⋆, the propagation delay δa∆prop, TOA δatarr and the apparent
position |δaR⋆| as function of the orbital semimajor axis. The solid and dashed lines are results of the example pulsar Ea and Eb,
respectively, in the cases of different orbital eccentricity.
agation trajectory is changed by MBH spinning, respec-
tively.
The spinning of the MBH changes the orbital motion
of the pulsar compared to the case that the MBH is non-
spinning, thus the pulsar feels a different potential and
moves with different velocities, leading to difference in
the Einstein delay. The Einstein delay by spin-induced
effects, i.e., δa∆⋆, mounts up to a maximum value of
1.2 s and 0.8 s in 8 years for Ea and Eb, respectively.
For S2-like and S0-102-like pulsar they are 0.37 s and
0.14 s respectively. The effects increase rapidly around
the pericenter passages and remain almost constant near
the apocenter. Note that both δa∆prop and δa∆⋆ of all
example pulsars are quite significant compared to the
typical timing accuracies of pulsar observations, e.g., .
1−10ms. This suggests that they can be measured quite
accurately by future timing observations, if any pulsars
with a⋆ . 1000 AU can be detected.
The model prediction of the spin-induced TOA dif-
ference can be obtained by first replacing ω⋆ and I⋆ in
Equation (12) into Equation (19), and then estimate the
spin effects by Equation (6). The magenta lines in top
left panel of Figure 4 and 5 show the results for Ea and
Eb, respectively. The analytical and simulation results
are generally consistent, especially at the pericenter and
apocenter passages. However, the discrepancies between
the analytical and the simulation results are quite ap-
parent in other regions. The maximum difference can be
in orders of ∼ 10s (See the top right panel of Figure 4
and 5), much larger than the measurement errors ex-
pected by the future telescopes. Such discrepancies arise
as in analytical formula the orbital precessions are as-
sumed to linearly increase with time. However, they does
not describe accurately the evolution compared to those
obtained by our relativistic simulations (See Figure 2).
These results suggest that full relativistic treatment that
is presented in this work, or more sophisticated analytical
models which can trace accurately the orbital precession
and describing the timing signals, are necessary of the
GC pulsar timing observations.
3.4.2. Pulsars in different orbits
In this section, we explore the dependence of the spin-
induced difference of observables on the distance and
eccentricity of the pulsar. We perform simulations for
pulsars similar to Ea or Eb, but their a⋆ varies from
25 − 103 AU and e⋆ takes the values of 0.3, 0.6 or 0.9.
Figure 6 shows the spin-induced effects per orbit accord-
ing to Equation (7). We can see that these spin-induced
timing differences show strong dependencies on the or-
bital distance. For example, for the pulsars similar to
Ea (or Eb) but with e⋆ = 0.9, δa∆⋆ varies from 3.6 s to
0.07 s, (or δa∆⋆ varies from 2.4 s to 0.05 s) if a⋆ changes
from 25 AU to 103 AU. Similarly, δatarr varies from 65 s
to 16 s (or δatarr varies from 130 s to 15 s) if a⋆ changes
from 25 AU to 103 AU. Approximately, δa∆⋆ ∝ a
−1
⋆ ,
δa∆prop ≃ δatarr ∝ a
−1/2
⋆ . The spin-induced timing dif-
ferences depend also strongly on the orbital eccentrici-
ties. For example, δatarr and δa∆⋆ for pulsars with ec-
centricities of e⋆ = 0.9 are about one orders of magni-
tude larger than those with eccentricities of e⋆ = 0.6 or
e⋆ = 0.3.
The right panel of Figure 6 shows the spin-induced
position difference per orbit, i.e., |δaR⋆|, of pulsars at
different orbital semimajor axes and eccentricities. For
pulsar Ea with eccentricity 0.9 (or 0.3), |δaR⋆| varies
from 53µas (3.8µas) to 17.8µas (0.6µas) if a⋆ changes
from 25 AU to 103 AU. For pulsar Eb with 0.9 (or 0.3),
|δaR⋆| from 25µas (2.8µas) to 3.4µas (0.4µas) when a⋆
varies from 25 AU to 103 AU. Taking the astrometric
accuracy achievable by future telescopes as ∼ 10µas, we
can see that the signal is only measurable for pulsars
with high orbital eccentricity (e.g., e⋆ & 0.9), or pulsars
with orbital period less than one year, e.g., a⋆ . 100 AU.
For more details of the spin-induced position difference
see Zhang et al. (2015).
Note that the orbital precession of pulsars with a⋆ .
100 AU and e⋆ = 0.9 is extremely strong: The orbital
precession on ω⋆ of these pulsar can be up to ∼ 10
◦ per
orbit (which is the sum of the Schwarszchild and the
Lense-Thirling precession). Such strong orbital preces-
sion causes significant changes of the apparent configu-
rations of the pulsar orbits. As consequences, δatarr and
|δaR⋆| for these pulsars do not strictly follow the power
law relation with a⋆ (See Figure 6).
3.4.3. The TOA and the redshift signals
The correspondence between the timing and the red-
shift signal of the pulsar can be obtained as follows. For
two adjacent pulses separated in the local frame of the
pulsar by δτ , the TOA is separated in the observed frame
9by δtarr. When δτ → 0 we have
dtarr
dτ
=
Z⋆
c
+ 1. (21)
Therefore, the time of arrival can be estimated by in-
tegrating the above equation on the proper time τ , i.e.,
tarr ≃
∫
(1 + Z⋆/c)dτ . According to Equation (6), the
spin-induced TOA difference is then approximately given
by
δatarr ≃
1
c
∫ Ttot
0
δaZ⋆(τ)dτ. (22)
The value of δatarr is approximately given by the inte-
gration of the spin-induced redshift difference, i.e., δaZ⋆,
over time. For pulsars comparably distant from the
MBH as the S-stars, or closer in, considering that δaZ ≃
1−10 km s−1 ≃ 10−5−10−6c, we have δatarr ≃ 10−10
2s
if Ttot is of order ∼ 8yr. These analysis results are con-
sistent with our simulations.
4. CONSTRAINTS ON THE SPIN PARAMETER FROM THE
MOTION OF PULSARS
In this section, we explore the achievable constraints
on the spin of the GC-MBH from the TOA with and
without supplementary observations of proper motions.
In Section 4.1 we describe the details of the MCMC pa-
rameteric fitting method. The results for the constraints
of the spin parameters and the other parameters of the
MBH, e.g., proper motion, mass and distance, are shown
in Section 4.2 and 4.3 respectively. We also discuss the
effects of the pulsar mass on our simulation results in
Section 4.4.
4.1. The parameter-fitting method
We use the MCMC fitting method to study the con-
straints on the parameters of the pulsar-MBH binary.
The initial conditions are provided by the following 17
parameters:
• Six parameters for the initial orbital elements of
the pulsar: a⋆, e⋆, I⋆, Ω⋆, ω⋆ and f⋆.
• Two parameters describing the spin frequency of
the pulsar: ν0 and ν˙0.
• Four parameters for the black hole: mass M•, spin
magnitude a, spin inclination i, and spin position
angle ǫ.
• Five parameters for the location and motion of the
system with respect to the solar system: distance
RGC, and proper motion Vx, Vy and initial position
X0, Y0 of the MBH on the sky plane. Vz does not
appear as a separate parameter, as it is absorbed
within ν0.
For a given set of mock observations, a χ2 value is com-
puted and a Bayesian posterior probability function is
constructed in the usual way, and then the Metropolis-
Hasting algorithm is used to recover the parameters with
uncertainties. The prior on the spin parameters are all
flat distributions. The boundaries of them are 0 < a < 1,
10 < i < 170◦, 0◦ < ǫ < 360◦. Inclinations close to
0◦ or 180◦ are avoided as in these cases our ray-tracing
method can not calculate the trajectories of lights very
accurately. For the prior on other initial conditions we
assume each of them a Gaussian prior with the scat-
ter that is about three orders of magnitude larger than
its converged width obtained by the MCMC simulation.
The central value of the Gaussian distribution is its input
value.
Note that for all the MCMC simulations shown in Sec-
tion 4.2 and Section 4.3 we set a = 0.6 as the true value of
the MBH spin. If a = 1 is used instead, the constraints
on the MBH-spin shown in Section 4.2 are about two
times tighter, as the spin value is limited 0 ≤ a ≤ 1.
To obtain meaningful constraints of these parameters
throughMCMC fitting we need to use mock samples with
several times more data points than the number of free
parameters. Thus, we use a total of N = 120 mock ob-
servations (we assume one TOA and astrometric data are
collected per observation) for all the MCMC simulations
shown in the following sections, regardless of the obser-
vational duration assumed. For example, if the observa-
tions last for three orbits, then mock observables at 40
different epochs per orbit are collected. From Figures 4
and 5 we can see that each pericenter passage increases
dramatically the magnitude of the spin-induced effects in
pulsar timing. Thus, to improve the constraints on the
spin of the MBH, the time intervals between each obser-
vation is ∝ r−1.5, so that the orbit is more frequently
sampled near pericenter passages.
In the case that observations consist of TOA only, χ2 =
χ2T. Writing the j-th TOA as t
arr
j , χ
2
T is given by (cf.
Hobbs et al. 2006)
χ2T =
N∑
j=1
{φ[τ(tarrj )]− Ij}
2
(σj)2
. (23)
Here
σj =
dφ
dtob
σT ≃ νσT (24)
is the measurement error in φ, while σT is the TOA mea-
surement error. The function φ[τ(tarrj )] is provided by the
full relativistic model and Ij is the integer that is closest
to φ[τ(tarrj )].
The expected timing accuracy of pulsar for SKA of ∼ 1
hour integration can be down to σT ≃ 100µs (Liu et al.
2012) if the frequency can be up to & 15GHz, and σT ≃
0.1 − 10ms if the frequency is between & 5GHz and
. 15GHz. Considering that many factors can limit the
measurement accuracy, we could expect that the TOA
measurement accuracy may vary between 0.5 − 50ms.
This level is assumed in our simulations. The numerical
accuracy in the simulated TOA is much higher (. 10µs)
so as to avoid any contamination due to numerical errors.
If σT . 0.5ms is assumed, the constraints on the spin
and other parameters of the MBH are correspondingly
tighter.
Astrometric measurements of the pulsar, if they are
available, can also be used in the MCMC runs along with
the timing measurements. Suppose that each observation
is denoted by Rob⋆,j, for j = 1, · · · , N . The chi-square
value can be expressed as χ2 = χ2T + χ
2
P. Here
χ2P =
N∑
j=1
(R⋆ −R
ob
⋆,j)
2
σ2p
, (25)
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where σp is the astrometric error. Note that for both the
mock timing and the astrometric data we assume that
the measurement errors are all Gaussian.
The SKA is expected to operate with the baselines
up to 3000 km, and thus its image resolution could be
up to 2mas at 10GHz (Godfrey et al. 2012). The as-
trometric accuracy could be even higher, of order ∼
10µas (Fomalont & Reid 2004). In this work, we simply
assume that σP = 10µas. If lower astrometric accuracies
are assumed, the constraints on the spin of the MBH
are slightly affected for those pulsars with a⋆ . 300 AU,
as the contribution of the astrometric measurements for
these pulsars to the fitting are much smaller than those
of the timing, i.e., χ2T ≫ χ
2
P. For other parameters of
the MBH, e.g., M•, RGC or the proper motions, the con-
straints on them will be correspondingly weaker if one
sets σP > 10µas.
When only the TOAs of pulsars are used, there is no
information on Ω⋆ and RGC, hence these must be ex-
cluded from the fitting procedure. The orbital inclina-
tion I⋆ is classically degenerate with a⋆. The Einstein
delay breaks this degeneracy (cf. Ange´lil & Saha 2011)
but as the effect is small, and a strong correlation re-
mains, which significantly slows the convergence of the
MCMC procedure. In order to concentrate on the spin,
we fixed I⋆ in the simulations with TOA only, leaving 10
parameters to fit.
In the cases that both the TOA and the proper motion
of pulsars are included in the MCMC fitting, we can set
all the 17 parameters in the system to be free. In this
case, we can constrain the proper motion of the MBH.We
find that the constraints on the spin parameters depend
somewhat on whether the proper motion of the MBH
is taken as free or not. Thus, for some of the MCMC
simulations we fix the position and proper motion of the
MBH, leaving only 13 free parameters.
4.2. Constraints on the spin parameters of the MBH
By the MCMC methods described above, we perform
a large number of MCMC runs to investigate the con-
straints on the spinning and other properties of the MBH
by monitoring pulsars shown in Table 1. We find that
near degeneracies appear among spin parameters, how-
ever, the constraints of spin can still be very tight. Even
for S2-like or S0-102-like pulsars, the spin of the MBH
(whether the MBH is spinning or not) can still be probed
within ∼ 4− 8 yr and ∼ 2− 4 yr in optimistic scenarios.
The details of the degeneracies and the constraints on
spin parameters can be found in Section 4.2.1 and 4.2.2,
respectively.
We expand these studies for pulsars to other conditions
of orbits and measurement accuracies. By performing
a large number of MCMC simulations we discuss how
the constraints on spin parameters of the MBH change
for pulsars with different semimajor axes a⋆, eccentrici-
ties e⋆, and other parameters. For more details see Sec-
tion 4.2.3.
4.2.1. Near-degeneracies among spin parameters
Figure 7 shows the constraints on the spin magnitude
and orientation of the MBH from observing the hypo-
thetical example pulsars Ea and Eb with σT = 5ms.
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Figure 7. Constraints on the MBH spin parameters when only
the TOAs of the pulsar are fitted. The correct values are marked
by blue crosses. The assumed timing accuracy is σT = 5ms. Pan-
els (a) and (b) show results for the example pulsar Ea, while Pan-
els (c) and (d) show results for Eb. The dashed white lines show
parameter degeneracies at leading order: from Equation (29) in
the left panel and from Equation (30) in the right panel. The color
contour maps represent the mean likelihood of the MCMC sample,
and the line contours represent the marginalized distribution. The
yellow dashed and red solid lines in each panel show the 1σ and 2σ
confidence levels respectively.
The constraints on a, i and ǫ are nearly degenerate. The
near degeneracies among the spin parameters when only
the timing signals are used can be understood as follows.
Let us write
ǫ′ ≡ ǫ− Ω⋆,
ax = a sin i cos ǫ
′,
ay = a sin i sin ǫ
′,
az = a cos i
(26)
The observed TOAs of a pulsar contain information on
spin-induced precessions ∆I⋆ and ∆ω⋆ but not on ∆Ω⋆
in Equation (10). Using that fact, and substituting from
Equations (9) and (11) we have
ax = const,
az − Γay = const.
(27)
Here
Γ =
1− 3 sin2 I⋆
3 cos I⋆ sin I⋆
. (28)
Now using the notation δY for fitting uncertainty in any
quantity Y , Equation (27) gives two relations involving
δax, δay and δaz . With the help of Equation (26) these
can be rearranged as two relations
(Γ sin i− cos i sin ǫ′)δa = −(Γ cos i+ sin i sin ǫ′)aδi (29)
and
cos ǫ′δi = −(Γ sin i− cos i sin ǫ′) sin iδǫ . (30)
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Figure 8. Constraints on the MBH spin parameters from an S2-like pulsar, as a function of the observational duration. Panel (a) show
the apparent trajectories on the sky: blue curve for the pulsar and cyan line for the MBH. Initial conditions are given in Table 1, and
the assumed measurement errors are σT = 5ms and σp = 10µ as. We tried seven different observational durations, and the corresponding
position of the pulsar at the end of observation are marked by numbers in Panel (a). Each of these seven cases has 120 mock observations.
The accuracy on the recovered parameters are shown in Panel (b)–(d): green lines show results when only TOAs are used, while blue lines
show results when both the timing and the proper motion are used. The red filled and empty white circles mark the position where the
pulsar passes pericenter and apocenter respectively.
0 6 12 18 24
t⋆ (yr)
10-2
10-1
100
Δa
1 2
3
4
5
6
7
(b)
S0-102-like
0 6 12 18 24
t⋆ (yr)
100
101
102
Δi
 (
◦ )
(c)
0 6 12 18 24
t⋆ (yr)
101
102
Δǫ
 (
◦ )
(d)
−1000100
R.A. (mas)  
−300
−200
−100
0
d
e
cl
. 
(m
a
s)
1
2
3
4
5
6
7
(a)
Figure 9. Similar to Figure 8, but for an S0-102-like pulsar.
Note that if a ≃ 1, we have the restriction that δa ≤ 1−a.
The white dashed lines in Figure 7 show the predic-
tions from Equation (29) and (30). They are in good
agreement with the near-degeneracies in the simulation
results. Discrepancies appear as Equations (29) and (30)
are first order approximations.
From Equations (10) and (28) we can see that the
degeneracies can be broken in the following four cases:
(1) δaΩ⋆ can be inferred if proper motion of the pulsar
can be measured, thus the degeneracies are broken if it is
measured with considerable accuracy such that χP ∼ χT.
For an S2-like or S2-102-like pulsar the degeneracies are
slightly weakened by additionally including the astromet-
ric measurements. However, for pulsars Ea and Eb, sim-
ilar degeneracies appear as the constraints are still dom-
inated by the parts from timing, i.e., χP ≪ χT. (2) Ac-
cording to Equation (28), the degeneracies are only func-
tions of the orbital inclination I⋆ of the pulsar. Thus, the
degeneracy can be broken if the apparent orbital preces-
sion of I⋆ is significant; (3) Similarly, degeneracies can be
broken by combining the timing of another pulsars with
different inclination. (4) The quadrupole-moment effects
are strong enough that they provide another independent
constraint on spin. We can see that (2) and (4) can be
naturally satisfied if a pulsar has a short orbital period
(e.g. . 0.5 yr), or the duration of the timing observation
is long enough.
4.2.2. Results from the example pulsars
Table 3
Constraints on the spin parameters from example pulsars
Name
TOAc TOA + astrometricd
∆a ∆i ∆ǫ ∆a ∆i ∆ǫ
S2-likea 0.0098 2.5◦ 3.2◦ 0.0075 2.0◦ 2.7◦
S0-102-likea 0.0130 2.9◦ 17.9◦ 0.0079 1.4◦ 9.1◦
Eab 0.0046 1.2◦ 1.7◦ 0.0044 1.2◦ 1.7◦
Ebb 0.0023 0.5◦ 3.3◦ 0.0033 0.7◦ 4.7◦
Note. — a Constraints from an S2-like or S0-102-like pulsar in
two orbits, corresponding to ∼ 30 yr or ∼ 24 yr, respectively.
b Constraints from Ea or Eb in three orbits, corresponding to
∼ 8 yr.
c Using only the timing of pulsars.
d Using both the timing and the apparent motion of pulsars.
Although near degeneracies appear among spin param-
eters, pulsars can still deliver very tight constraints on
the spin parameters, even though the timing accuracy,
i.e., σT = 5ms, is not the most optimistic value. To
quantify the constraints on any quantity of interest Y ,
let Y2+ and Y2− be the upper and lower 2σ confidence
limits. Then let
∆Y = Y2+ − Y2− (31)
will be the 2σ range of Y . The constraints ∆Y on the
spin of the MBH from all the example pulsars are given
in Table 3. We can see that ∆a, ∆i and ∆ǫ are of order
10−3 − 10−2, 0.5− 3◦, 1− 20◦, respectively.
For an S2-like or S0-102-like pulsar, we find that the
constraints of spin from observations over two orbital
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periods, i.e., ∼ 30 yr or ∼ 25 yr, are also tight. Fig-
ure 8 and Figure 9 show the constraints on the spin pa-
rameters as a function of the observational duration for
S2-like and S0-102-like pulsars, respectively. For such
pulsars we can see that the spin of the MBH can be con-
strained by ∆a ∼ 0.1, ∆i ∼ 20 − 30◦, ∆ǫ ∼ 20 − 40◦
within ∼ 4 − 8 yr. The constraints on the spin can be
correspondingly tighter if the observations last longer
than ∼ 8 − 10 yr. If proper motions with accuracies
around σp = 10µas can also be collected, the constraints
could be tighter, by weakening the degeneracies among
the spin parameters due to the timing measurement
(See Section 4.2.1). The constraints become ∆a ∼ 0.1,
∆i ∼ 5− 20◦, ∆ǫ ∼ 10− 30◦ within ∼ 8yr.
It is apparent that the most significant improvements
on the constraints occur after pericenter passages. In
the most optimistic case, the observation starts near the
pericenter passages of the pulsar, in which case the spin
can be constrained within ∼ 2− 4yr for both the S2-like
and S0-102-like pulsars. All this is for a relatively low
timing accuracy, i.e., σT = 5ms. In reality the timing
accuracy could be accumulated to be σT . 0.1 − 1ms.
Thus the constraint of spin can be as fast as about 2−3 yr
in the most optimistic cases.
The constraints on spin parameters (especially the ori-
entations) seem to become slightly weaker when the ob-
servation is before the second pericenter passage (see Fig-
ure 8 and Figure 9). The reason is that we have fixed
the number of observational samples at 120, instead of
accumulating with time. The spin-induced signals of the
pulsar between the second apocenter and the next peri-
center decrease as a function of time (see top left panel
of Figure 4). This makes the overall spin-induced signals
smaller if the number of data points is fixed.
4.2.3. General cases
If χ = χY2 denotes the value where Y is at its 2σ bound-
ary value obtained from the MCMC runs, according to
Equation (23) and (25), we have, approximately,
(χY2 )
2 ≃
N
Ttot
∫ Ttot
0
{
[φ(Y0 +∆Y/2, tarr)− φ(Y0, tarr)]
2
ν20σ
2
T
+
[R(Y0 +∆Y/2, tarr)−R(Y0, tarr)]
2
σ2p
}
dtarr
≃
∆Y 2
4
[
1
ν20σ
2
T
(
dφ
dY
)2
+
1
σ2p
(
dR
dY
)2]
N
(
Ttot
P
)2
(32)
Here N is the total number of epochs with data, P is the
orbital period and Ttot is the duration of the observation.
dφ
dY and
dR
dY are the averaged derivatives per orbit defined
similar to Equation 7.
Thus, if only the TOAs are used, we have
∆Y ∝
(
dφ
dY
)−1
ν0 σTN
−1/2
(
Ttot
P
)−1
(33)
We can see that the constraint on Y is approximately
proportional to N−1/2 and (Ttot/P )
−1, i.e., the con-
straints will be improved if more epochs are observed
and if the observations last for a longer time. Also, the
constraints can be improved if the intrinsic spinning fre-
quency of the pulsar ν0 are higher. Note that N should
be much larger than the number of free parameters in
MCMC simulations to ensure a meaningful fit.
We also explore the constraints on the spin parame-
ters for pulsars with different a⋆, e⋆. Figure 10 shows
the constraints on spin from pulsars similar to Ea, but
with various a⋆, assuming σT = 5ms. We can see that
∆a = 0.002−0.006,∆i = 0.6−2.0◦, ∆ǫ = 0.9−3.0◦ (or
∆a = 0.002 − 0.005, ∆i = 0.6 − 1.0◦, ∆ǫ = 0.9 − 2.0◦)
if only the TOAs are used (or if both the TOAs and
the apparent positions are used), when a⋆ varies from
50 AU to 600 AU. We find that ∆a is approximately
proportional to a
1/2
⋆ . It can be understood, as accord-
ing to Equation (33), approximately ∆a ∝ (dφ/da)−1 ∝
(δatarr)
−1 ∝ a
1/2
⋆ (See also Section 3.4.2).
Figure 11 shows the constraints on spin for pulsars
similar to Ea, but having various e⋆. We can see that
∆a = 0.03 − 0.004, ∆i = 7.0 − 1.0◦, ∆ǫ = 10.0 − 2.0◦.
(or∆a = 0.02− 0.003,∆i = 4.0− 0.8◦, ∆ǫ = 7.0− 1.0◦)
if only the timing signals are used (or if both the timing
and the position observations are used), when e⋆ varies
from 0.3 to 0.9.
These results suggest that pulsars with distance <
600 AU and e⋆ & 0.3 can set very tight constraint on
the spin in three orbits. For these pulsars, note that the
constraints on spin by additionally using the astromet-
ric data are only modestly improved. This is because
the constraints on spin parameters are dominated by the
parts from the TOA, i.e., χT ≫ χP.
4.3. Constraints on the mass, distance and the proper
motion of the MBH
Using both the astrometric measurements and the
TOAs of pulsars in the MCMC simulations can provide
precise estimate of the mass, distance and the proper mo-
tion of the MBH. The constraints on proper motion of
the MBH for Ea are shown in Figure 12. We can see that
the position of the MBH can be constrained to accura-
cies of ∆X0 = 8.1µas, ∆Y0 = 8.0µas, ∆Vx = 1.7µas/yr,
∆Vy = 1.6µas/yr. The constraints on the mass and the
GC distance are ∆M = 10.6M⊙ and ∆RGC = 1.2pc.
Figure 13 shows constraints on the mass and the GC
distance for pulsars in different orbital semimajor axes
and eccentricities. From Figure 13 we can see that the
mass can be constrained by a factor of∼ 10−5−10−6, i.e.,
∆M• = 1 ∼ 10
2M⊙. The GC distance is constrained to
an accuracy of ∼ 10−4 − 10−3, i.e., ∆RGC = 0.5 ∼ 5pc.
Interestingly, we find that the constraints on MBH mass
and GC distance are more accurate for pulsars at larger
distances from the MBH. The main reason is that relative
position (or timing) error is inversely proportional to the
semimajor axis of the star: Approximately, φ ∝ ∆R ∝ a⋆
and |R| ∝ a⋆, thus according to Equation 32 we have
∆M• ∝ a
−1
⋆ , ∆RGC ∝ a
−1
⋆ . These scaling relations are
well consistent with those obtained by the MCMC sim-
ulations (See Figure 13).
Pulsars with high orbital eccentricities can help to put
tighter constraints on the MBH mass, however, that does
not appear to help in constraining the GC distance.
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Figure 12. Constraints on the position and proper motion of the
Sgr A* by observing both the timing and the apparent motion
of the pulsar Ea in 8yr. The assumed measurement errors are
σT = 5ms and σp = 10µas.
4.4. The effects of the pulsar’s mass
In our Kerr metric framework, the pulsar is a test par-
ticle and thus its mass is ignored. The difference in the
pulsar timing due to this approximation, if there are any,
should be of the order of the mass ratio, i.e., 10−7−10−6
as the pulsar’s mass is m ∼ 1.4M⊙. However, consider-
ing that the timing accuracy of the pulsar is quite high,
such differences could be detectable. Nevertheless, we
find that the simulation results and conclusions in this
work are only slightly affected by the pulsar’s mass. The
details of the estimations and the discussions are as fol-
lows.
In Newtonian physics, the orbital period of the pulsar
is determined by the total mass of the binary. Thus, we
expect that the measured mass of the MBH from our
MCMC simulations should be effectively the sum of the
true mass of the MBH and the pulsar. As the accuracy
of MBH’s mass obtained by GC pulsars is ≃ 4− 102M⊙
(See top left panel of Figure 13), the bias of the estimated
MBH’s mass should not be detectable, unless the pulsar
is relatively far away (> 1000 AU).
Both the Roemer delay and the Einstein delay are af-
fected by the mass of the pulsar. Note that the Shapiro
delay does not, as it depends only on the mass of the
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Figure 13. Constraints on the MBH mass (∆M•, upper panels)
and GC distance (∆RGC, lower panels) when both the timing and
the proper motions are used, as functions of a⋆ (left panels) or e⋆
(right panels) of the pulsar. The other initial conditions of the
pulsars are the same as Ea. The assumed measurement errors are
σT = 5ms and σp = 10µas. The magenta lines in the top and
bottom left panel show the reference scaling relations of ∝ a−1⋆ .
MBH. Approximately, we have ∆R ∝ 1 − m/M• and
γ˜ ∝ 1 − 12m/M• (Damour & Deruelle 1986), where m
is the mass of the pulsar. For GC pulsars, we have
∆R = 10
5−106 s and γ˜ = 104−105 s (See Figure 3), thus,
the difference due to ignoring the pulsar mass should be
0.01 − 1 s and 1 − 100ms for the Roemer delay and the
Einstein delay, respectively. These differences may lead
to biases on the parameters of the pulsar-MBH binary
estimated by the MCMC simulations. Considering that
the spin-induced effects are in orders of 10 − 100 s (See
Figure 4 or 5, top left panel), we expect that the spin pa-
rameters, if they are affected, should not be significantly
biased from their true values.
The relativistic effects in the timing of pulsars are
originated from the orbital precessions, which are also
affected by the pulsar’s mass. For example, The
Schwarszchild orbital precession is proportional to 1 +
m/M• and spin-induced orbital precessions are propor-
tional to 1+ 74m/M• (Wex & Kopeikin 1999). Thus, the
bias of these effects should be of the order of the mass
ratio, i.e., 10−6 − 10−7, which can be ignored.
We note that the effect of the pulsar’s mass can be in-
cluded by introducing a corresponding perturbative term
into the Hamiltonian. However, deriving the explicit
form of this term and such extensions of the current nu-
merical method are beyond the scope of this work. We
defer them to future studies.
5. DISCUSSION
Our results suggest that the spinning magnitude of
the MBH can be constrained down to ∼ 10−2 within
a decade even if the timing accuracies are relatively low,
i.e., σT ∼ 5ms. This suggests that SKA1-MID, not nec-
essarily the final stage of SKA2, can already probe the
spinning nature of the GC MBH, if any pulsar within
. 1000 AU can be found. Indeed, it is suggested that
SKA1-MID is probably able to reveal the hidden pul-
sars at as low as 2.4GHz with spin period ∼ 0.5s in this
region (Eatough et al. 2015).
Our simulations have the advantage that all quantities
are obtained under the Kerr metric. The signals could be
more accurate than those of the previous studies that are
based on post-Newtonian approximation methods. The
main disadvantages of our method are that the gravita-
tional wave decay is not included, and that the torque
effects are not easy to be discussed separately. As a con-
sequence, alternative-gravity theories are hard to discuss
in a theory-independent way. Anyway, the deviations of
the GR can still be detected by comparing our model
predictions with the observables, if the full GR model
could not fit the observations well, i.e., if the MCMC
parametric fits leave significant residuals.
Note that some GR effects unique to pulsar timing
are not covered in this work. For example, the shift of
the time of emission of the pulse centroid due to the
spinning precession of the pulsar, the distortion of the
pulse profile (e.g., Rafikov & Lai 2006), or the high or-
der pulses due to extremely strong gravitational bend-
ing (Wang et al. 2009). These effects can be straightfor-
wardly included in our framework as the geodesic equa-
tion and the light trajectories have been solved explicitly
in our method. However we notice that some of these
effects are significant only if the pulsars are in edge-on
orbit (e.g., Rafikov & Lai 2006), thus they have negligi-
ble effects for results shown in this study.
The pulsars could be perturbed by other surround-
ing gravitational sources, e.g., the pulsars or other stel-
lar remnants. The effects of the background pertur-
bation are expected to be important outside & 100 −
400 AU (Merritt et al. 2010; Zhang & Iorio 2017). Due
to the different nature of these background perturba-
tions, they are expected to be separable from the GR
effects (Ange´lil & Saha 2014; Zhang & Iorio 2017).
6. CONCLUSIONS
It is believed that pulsars rotating closely around the
GC MBH are superb tools in probing the GR and the
gravity theories. Based on a relativistic framework de-
veloped in our previous work, here we study both the
TOA and the apparent motion of these pulsars and the
corresponding spin-induced effects. We take the pulsar
as a test particle and solve explicitly the geodesic equa-
tions of the pulsar’s motion and its pulse trajectories to
the observer in the Kerr metric. By performing a number
of MCMC simulations, we investigate the constraints on
the spin and other properties of the GC MBH achievable
by monitoring surrounding pulsars.
We find that the full GR treatment is necessary in de-
scribing accurately the timing signals. If approximate
models are used, that assume that the orbital precession
increases linearly with time, the predicted TOA differ-
ence due to spin effects can deviate from the results of
our relativistic simulations up to ∼ 10 s, which would
be quite apparent for timing observations performed by
future facilities, e.g., the SKA.
We find that the spin-induced TOA differences can
mount up to ∼ 140 s in∼ 8 yr for a pulsar with orbital pe-
riod of ∼ 2.6 yr. Even for S2-like or S0-102-like pulsars,
the spin-induced TOA differences can be up to ∼ 80 s
(∼ 20 s) after 40 yr (30 yr) of observation. The signal
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is orders of magnitude larger than the timing accuracies
expected in the future (. 1 − 10ms), thus it should be
possible to set tight constraints on the spinning of the
MBH.
We perform a number of MCMC simulations to study
the constraints on the spinning of the MBH. We find
that strong near-degeneracies among the spin parameters
could appear, if only the timing of pulses are used. Such
near degeneracies can be weakened if the pulsar proper
motion is measured with considerable accuracies along
with the timing, or if the pulsar is close enough to the
MBH such that the orbital precession or the quadrupole-
moment effects are significant.
Although near degeneracies exist if only the timing of
pulsars are used, the constraints of the spinning param-
eters are still very tight. By monitoring a normal pul-
sar with orbital period of ∼ 2.6yr and eccentricity of
0.3− 0.9, and assuming the timing accuracy of 1− 5ms,
we find that within ∼ 8yr the magnitude, the line of sight
inclination and the position angle of the MBH spin can
be constrained with 2σ error given by 10−3 − 10−2 and
10−1 − 5◦, 10−1 − 10◦, respectively.
Even for pulsars in orbits similar to the currently de-
tected star S2/S0-2 or S0-102 and providing that the tim-
ing accuracy is ∼ 5ms, we find that the spinning of the
MBH can still be constrained within 4− 8 yr. The most
significant constraints of the spin parameters are pro-
vided near pericenter passage. Thus, in the optimistic
case that the timing observations start near the pericen-
ter passages of pulsars, the spinning of the MBH can be
constrained within 2− 4 yr.
If the proper motion of the pulsars with accuracy of
10µas can also be collected along with the timing mea-
surement, then the position, velocity, mass and the dis-
tance of the MBH can be constrained about ∼ 10µas,
∼ 10µas/yr, ∼ 1M⊙ and ∼ 1pc, respectively.
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